Abstract
Introduction
The Problem The problem considered in this paper is an extension of the traditional path planning problem: given a deformable objecthobot with known physical characteristics (e.g., an elastic object) and a set of ways that the object can be manipulated (called manipulation constraints hereafter), find a quasi-static path for the object from an initial to a goal configuration. The deformations of the object are prescribed by the manipulation constraints in combination with a physical model of the object. Importantly, in our work we consider the geometry and the physical properties of the manipulated object simultaneously. Our goal is to compute paths that are as close as possible to the paths that we expect to observe in practice. That is why our collisionfree paths consist of low-energy equilibrium deformations at all times. In this paper we consider simple volumes, such as pipes and cables, that are manipulated by constraining the position and the orientation of two opposite faces. An illustration is offered in Figure 1 , where a cable attached to a base is manipulated by its free end and is finally attached to a frame. This example could have been extracted from an assembly maintainability study: determining whether the motion of the cable is feasible and showing the possible motions to the engineer could help in the overall design of the assembly. Our work in this paper complements and extends our previous work on planning for elastic plates [9, lo] .
Motivation and Related Work
Several important applications motivate our research: in industrial settings there is a need to manipulate sheets of metal, pipes that can bend, and cables. In assembly maintainability studies done with virtual prototyping, planning is used to evaluate the design when only the CAD models are available [2] . As many assemblies are designed to be compact and include deformable parts, our studies can be used for design verification. In medical and surgical procedures, flexible catheters are inserted in human vessels [ 161. Accurate planning studies may help in choosing the size and properties of the catheter used. An interesting application of our work is in computer generated animation, where our methods can be used to produce the motion of objects with certain physical properties with minimal user input. In that case manipulation constraints can be specified to induce a realistic behavior of the animated object. Additional applications of our work include computer-assisted pharmaceutical drug design, where the internal energy of molecules is considered when computing docking paths [14] .
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Recent work on the path planning problem has produced several practical planners for robots that consist of rigid parts (for recent articles see [5] ). These methods routinely take into account geometric constraints such as joint limits and obstacles. With the exception of the areas of dynamics and control that have guided the design of modern robots, there are few cases where physical constraints and planning have been tightly coupled. The issue of flexibility has been primarily investigated by building and studying flexible robots. Those robots can perform tasks such as hammering a peg into a hole or inserting one end of a wire into a hole while holding the other end. But research in this field deals mainly with the control of these robots and not motion planning (see [ 1 I]). Although planning with deformable parts has not been addressed in robotics, there is a large amount of work concerning deformable objects in mechanics [ 171 where elasticity is a well understood issue. Additionally, graphics applications use deformable models [l, 6, 12, 151 . In subsequent sections, we discuss the models that we borrow from these domains.
Our Approach In our work we combine the geometry and the mechanics of our objects/robots under a unified randomized framework. This framework was introduced in [9, 101 for elastic plates. In previous work deformations were essentially two-dimensional. In the present paper we consider true three dimensional deformations of three dimensional volumes. We model our volumes with a massspring representation. Mass spring-models have been used in computer graphics [4] and physically-based modeling (e.g. [7, 13] ), but have not been applied to motion planning problems. Our manipulation constraints restrict the position and orientation of two opposite faces. Our planner is a variation of probabilistic roadmaps [SI. At a preprocessing stage, it creates random deformations of the robot by varying the manipulation constraints. Random configurations having the above deformations are then generated and interconnected in a roadmap with low-energy quasi-static paths. Given an initial and a final configuration, the planner connects these to the roadmap and searches the roadmap for a path.
This paper is organized as follows. Section 2 describes the deformation of volumes and our model for representing them. Section 3 explains the path planning algorithm. Section 4 presents the case of an elastic pipe and our experimental results.
Volume Deformation
We represent a volume as a lattice of point masses connected by springs. The volume deforms according to specified types of manipulation, such as grasping by robotic arms. We attempt to find physically realistic deformations by minimizing the elastic energy of the volume while observing the given manipulation constraints. The use of a mass spring model provides a geometric representation for the shape as well as a simple framework for calculating deformation energies. We chose this model, among many other that are possible [l, 3, 7, 183 , because one can easily approximate the energy of the object from the continuous mechanical model and because of the simplicity of energy and gradient calculations.
Continuous Mechanical Model
We use the linear elastic physical model [ 171 as the basis for our spring-mass energy model. For the physical model, we must first choose some embedding of our volume V into R3. We call the undefomed shape U. This is the shape that V assumes when nothing affects it. For example, if V is an elastic cube, the undeformed shape is a cube. Let y : R3 + IR3 be a diffeomorphism (that is a smooth bijection whose inverse is also smooth) which represents a deformation of our volume from its undeformed state U. The deformed volume is the image y(V). The linear elastic model associates a certain amount of energy with each deformation. For a given deformation y, define the energy density qj at a point w E y(U) by 
Discrete Spring Model
The space of all possible deformations on a volume is infinite dimensional, but heavily constrained by the requirement to consider minimal energy deformations. We approximate it with a discretization using the mass spring model (Figure 2 ). We require that the total energy of the springs is an approximation of Eq. (3) .
The spring model divides the volume into a set of boxes B with lattice points as the vertices. Noticing that there is one box per point mass (ignoring the boundary special cases), we associate each box with its bottom, left, back point p. We associate six springs with each box, three straight springs connecting p to the masses above, right and in front of it and three angular springs constraining the angles between pairs of the straight springs. Other configurations of springs are possible; the above choice serves our purposes well. We then discretize the energy function, setting the total energy to 1 C l W . (4) bEB To use the above discretization of the energy function, we need the spring energy of each of these boxes to approximate sb $(t)dt, the mechanical energy for that box. This requires picking the appropriate spring constants for the two types of springs.
Straight Springs
To compute the constant k1 for straight springs, we need a deformation whose energy comes only from the straight springs. Simple stretching, a type of deformation given by where I , , lY, and I , are the undeformed spring lengths in the x, y and z directions.
To compute k l , we equate Eb with +kill -l ,~g , which is the energy for a spring with stretched length 1 according to Hooke's law. We would now solve the equation for k1, except that doing so yields kl as a function of a. To obtain an actual constant we remove the a3 and a4 terms from Eb. Since the volumes we consider do not stretch beyond a small percentage of their undeformed dimension, a should be close to 0 and therefore a3 and a4 are small compared to U'. Solving the resulting equation yields kl and finally 
Angular Springs
An angular spring stretches with the cosine of the angle 6 between the two straight springs it constrains. In other words, cos(8) is used as the distance in Hooke's law instead of a displacement. This deformation stretches our volume in addition to bending it. However, the deformation of the angular springs is much larger than that of the straight springs in this case so we ignore the latter. Once again, we find the exact energy of the deformation y equate it with ~kg(cos e)', and solve for kz. Again we must drop the a4 term to get a constant for kg. In this manner, we obtain (10) Because of energy minimization concerns (Section 2.4), we found it convenient to further restrict extreme bending.
Since -1 < cos(8) < 1, the energy contribution of the angular springs is bounded, whereas the energy of the straight springs is not. Because the energy provided by Eq. (10) is bounded, the volume might bend during energy minimization so that some angular spring approaches its maximum deformation. This is not good behavior, however, since a real volume should resist extreme bending, just as it resists extreme stretching. To correct this problem, we add an extra energy Eertra to Eangular when (cos 6)' gets large, i.e. greater than some constant 5. Eeztra is given by 
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in the roadmap using the local planner. Finally, we enhance
Now we impose manipulation constraints on our volume. That is, we restrict positions of some parts of V . In the spring-mass model, this means fixing the positions of some point masses. For example, we may want to hold a thick elastic plate on two sides and poke a third face (Figure 3) . Then the positions of all the point masses on the surface of the two sides are fixed, and a point on the surface of the third face is fixed at a location translated from its undeformed position by the amount of poking.
Energy Minimization
In our planner we need to find deformations of minimal energy that satisfy given manipulation constraints. Because real objects tend toward minimal energy configurations, energy minimization approximates the shape that our volume physically assumes under the specified manipulation. We use a conjugate gradient descent method treating the energy as a scalar function of the positions of the point masses that are not fixed by the manipulation constraints. An illustration can be found in Figure 4 (a) and (b).
Path Planning
Main Algorithm We use a version of the Probabilistic Roadmap Planner (PRM) to plan paths for elastic volumes. the roadmap by identifying "difficult" areas of the configuration space and generate M more nodes in those areas. We connect these nodes to the roadmap. After we have a dense enough roadmap, we search it to find a path from the initial to the goal configuration.
Local Planner An important issue in the above framework is the local planner. Here we follow [lo] where the rigid-body transformation is computed first and then deformation paths are planned by interpolating between the manipulation constraints to form a sequence of intermediate constraints.
Elasticity Limit Our planner should ensure that all used deformations are within elasticity limits of the material so that our volume is not damaged during manipulation. The amount of deformation is defined by two coefficients:
Plane Strain Limit This is how much the material stretches locally. To estimate this in our spring model, we find the linear spring which is most deformed.
0 Curvature Limit We also do not want our volume to bend too much locally. We find the angular spring such that cos(8)ld is maximal, where d is the distance over which this spring approximates the curvature (e.g., 1, + ly).
The Case of an Elastic Pipe
For a detailed explanation of the scheme see [lo] . Here we offer a brief outline of the algorithm.
We first generate a random manipulation constraint. Then, we compute the volume according to this constraint by minimizing the energy. We test if the obtained deformation abides by the elasticity limit (see below). If this
We now look at a specific type of volume, the case of an elastic pipe. Since our spring-mass representation uses a lattice, a long, thin rectangular solid represents the shape of the pipe (Figure 4(a) and (b) ).
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Manipulation Constraints
deformation is valid, generate N random rigid-body transformations of this deformation, and then test each corresponding configuration for collision with the obstacles. The next step is to update the roadmap by trying to connect the new configurations generated to the configurations already A manipulation constraint specifies the position and orientation of both ends of the pipe. We represent it with 5 parameters (F, Y , T , 8, v) . If we imagine that the left end A is held steady at a fixed orientation, then we can fix a coordinate frame whose origin coincides with A and whose x-axis follows along the length of the pipe at the left end. T , 5, and f refer to the position of the right end B with respect to the left one. The angles 3 and p orient B with respect to the orientation of A. We do not allow twisting of the faces. ( Z , y , Z , $ , F ) , we must then find a minimal energy deformation respecting these constraints. The conjugategradient method used in minimization requires an initial guess. Note that the initial position of the point masses in the lattice can effect the outcome and the speed of minimization. The initial guess needs to avoid unnatural starting conditions, which could cause the conjugate gradient method to become trapped in an undesirable high-energy local minimum. Furthermore, the method converges to a solution faster with an initial guess near a desirable minimum. A local minimum found starting from Figure 4 (a) is shown in Figure 4 (b).
Initialization and Energy Minimization Given
The initial guess is specified as follows. We first construct the third degree polynomial curve which satisfies the following constraints:
0 It is a parameterized curve P whose parameter ranges from 0 to 1. This gives a one dimensional approximation of the shape of the pipe (Figure 4(c) ), although such an approximation becomes less accurate the closer A and B get to each other, since P does not try to preserve the pipe's length. To generate the full lattice we evenly divide the space of the parameter of P into as many divisions as we have point masses along the pipe's length. At each chosen point on the curve we place a cross section (square) of the pipe, perpendicular to the tangent of P at that point. The tangent vector uniquely specifies a plane, but the cross-sectional square could be rotated by any angle about the curve. To prevent twisting, we place the square in the plane by constructing it as a rotation of the left face in the following way.
0 The tangent vector to the curve uniquely defines a normal plane. This plane is the image of the plane containing the left face by a rotation (or a translation if these planes are parallel). The axis of the rotation is the intersection between the planes.
0 We apply the corresponding rotation (or translation) to the left face of the pipe to obtain a face in the normal plane. We translate this face in the normal plane to center it on the point of the curve. This process provides us with a good initial guess for the positions of the lattice points of the pipe which has no twisting. However, if the manipulation constraints are outside a certain range, there may be self-intersections. We detect such occurrences and discard them.
Experimental Results
In Figure 5 the pipe remains fixed to a base, while it is manipulated around a frame and then attached to it. The pipe robot is represented by 3 2 x 3~3 lattice of point masses.
The parameters for the basic step in the PRM algorithm are N = 20 (random nodes), and I< = 5. K is the number of neighbors considered for connection. Planning for this example took a mean time of 14.5 mins over 10 runs. All times reported in this paper were gathered on an SGI R 10oOO.
The example in Figure 6 involves planning an animation to take an elastic pipe through an L-shaped hole inside a cube. Here the pipe is 21x3~3, with N = 200 and I< = 20. The path took 8h 39min, considerably longer than the above, since only a small portion of the possible deformations will fit through the obstacle.
A crucial part of our algorithm is the energy minimiza-
